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Abstract
A unified analytical pricing framework with involvement of the
shot noise random process has been introduced and elaborated. Two
exactly solvable new models have been developed.
The first model has been designed to value options. It is assumed
that asset price stochastic dynamics follows a Geometric Shot Noise
motion. A new arbitrage-free integro-differential option pricing equa-
tion has been found and solved. The put-call parity has been proved
and the Greeks have been calculated. Three additional new Greeks
associated with market model parameters have been introduced and
evaluated. It has been shown that in diffusion approximation the
developed option pricing model incorporates the well-known Black-
Scholes equation and its solution. The stochastic dynamic origin of
the Black-Scholes volatility has been uncovered.
The new option pricing model has been generalized based on as-
set price dynamics modeled by the superposition of Geometric Brow-
nian motion and Geometric Shot Noise. A generalized arbitrage-
free integro-differential option pricing equation has been obtained and
solved. Based on this solution new generalized Greeks have been in-
troduced and calculated.
To model stochastic dynamics of a short term interest rate, the
second model has been introduced and developed based on Langevin
type equation with shot noise. It has been found that the model
∗E-mail address: nlaskin@rocketmail.com
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provides affine term structure. A new bond pricing formula has been
obtained. It has been shown that in diffusion approximation the devel-
oped bond pricing formula goes into the well-known Vasicˇek solution.
The stochastic dynamic origin of the long-term mean and instanta-
neous volatility of the Vasicˇek model has been uncovered.
A generalized bond pricing model has been introduced and devel-
oped based on short term interest rate stochastic dynamics modeled
by superposition of a standard Wiener process and shot noise.
Despite the non-Gaussianity of probability distributions involved,
all newly elaborated models have the same degree of analytical tractabil-
ity as the Black–Scholes model and the Vasicˇek model. This circum-
stance allows one to derive simple exact formulae to value options and
bonds.
Key words: Financial derivatives fundamentals, Shot noise, Op-
tion pricing equation, Green function, Put-call parity, Greeks, Black-
Scholes equation, Short term interest rate, Vasicˇek model, Affine term
structure, Bond pricing formula.
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1 Introduction
The aim of this paper is to introduce and elaborate a new unified analytical
framework to value options and bonds.
The options pricing approach is based on asset price dynamics that has
been modelled by the stochastic differential equation with involvement of
shot noise. It results in Geometric Shot Noise motion of asset price. A new
arbitrage-free integro-differential option pricing equation has been developed
and solved. New exact formulas to value European call and put options have
been obtained. The put-call parity has been proved. The Greeks have been
calculated based on the solution of the option pricing equation. Three new
Greeks associated with the market model parameters have been introduced
and evaluated. It has been shown that the developed option pricing frame-
work incorporates the well-known Black-Scholes equation [1]. The Black-
Scholes equation and its solutions emerge from our integro-differential option
pricing equation in the special case which we call ”diffusion approximation”.
The Geometric Shot Noise model in diffusion approximation explains the
stochastic dynamic origin of volatility in the Black-Scholes model.
The bonds pricing analytical approach is based on the Langevin type
stochastic differential equation with shot noise to model a short term inter-
est rate dynamics. It results in non-Gaussian random motion of short term
interest rate. A bond pricing formula has been obtained and it has been
shown that the model provides affine term structure. The new bond pricing
formula incorporates the well-known Vasicˇek solution [2]. The Vasicˇek so-
lution comes out from our bond pricing formula in diffusion approximation.
The stochastic dynamic origin of the Vasicˇek long-term mean and instanta-
neous volatility has been uncovered.
The paper’s main results are presented by Eqs.(1), (2), (16), (22), (43),
(47), (120)-(124), (132), (145), (150), (157), (159), (178), (182) and (191).
New formulae to evaluate the common Greeks for call and put options
have been obtained based on an exact solution of the integro-differential
option pricing equation. The formulae are listed in Table 1 and Table 2.
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The paper is organized as follows.
In Sec.2 Geometric Shot Noise motion has been introduced and applied
to model asset price dynamics.
A new arbitrage-free integro-differential equation to value options is ob-
tained in Sec.3. It has been shown that Green’s function method is an effec-
tive mathematical tool to solve this equation. The exact analytical solutions
to this equation have been found for European call and put options.
The put-call parity has been proved in Sec.4.
The Greeks, including three newly introduced Greeks, have been calcu-
lated in Sec.5. Three new Greeks are sensitivities associated with the market
parameters involved into the definition of the shot noise process. The Gaus-
sian model for asset price jumps has been considered to find the formulae for
three new Greeks.
The diffusion approximation of the integro-differential option pricing equa-
tion has been defined and elaborated in Sec.6. It has been shown that
the well-known Black-Scholes equation and its volatility come out from the
integro-differential pricing equation in diffusion approximation. It has been
shown as well that the solution to the Black-Scholes equation straightfor-
wardly follows from the exact solution to the integro-differential pricing equa-
tion. The well-known Black-Scholes Greeks for European call options have
been replicated from the new common Greeks in diffusion approximation.
The Black-Scholes Greeks for European call options are summarized in Ta-
ble 3.
The generalized option pricing framework has been presented in Sec.7.
The generalization comes from the idea to accommodate a superposition of
Geometric Brownian motion and Geometric Shot Noise in the equation for
asset price dynamics. The outcome of implementing this idea is a generalized
pricing equation. New formulae to value European call and put options
have been obtained as solutions to the generalized pricing equation. The
special limit cases of those formulas have been developed and discussed. The
generalized Greeks have been introduced and calculated. Table 4 displays
new formulas for the generalized Greeks.
In Sec.8 short term interest rate has been modeled by the Langevin
stochastic differential equation with shot noise. A new bond pricing for-
mula has been found, and it has been shown that the new model provides
affine term structure. The bond pricing formula is the solution to the integro-
differential term structure equation. The well-known Vasicˇek model for short
term interest rate with its long-term mean and instantaneous volatility comes
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out from our model in diffusion approximation. It has been shown as well
that the Vasicˇek bond pricing formula comes out from the new bond pricing
formula in diffusion approximation. It has to be emphasized that our model
is non-Gaussian, while the Vasicˇek model is Gaussian, that is, probability
distributions of short term interest rate are different for our model and the
Vasicˇek model. It is interesting, that despite this difference both models
possess exactly the same mean and variance.
A generalized bond pricing model has been introduced and developed in
Sec.9 based on short term interest rate stochastic dynamics modeled by su-
perposition of a standard Wiener process and shot noise. A new bond pricing
formula has been found and it has been shown that the generalized model
provides affine term structure. The generalized term structure equation has
been found and solved.
It has to be emphasized that despite the non-Gaussianity of probabil-
ity distributions involved, all newly developed quantitative models to value
options and bonds have the same degree of analytical tractability as the
Black–Scholes model [1] and the Vasicˇek model [2]. Analytical tractability
allows one to obtain new exact simple formulas to value options and bonds.
The paper’s main results and findings have been summarized and dis-
cussed in the Conclusion.
Appendix A develops Green’s function method to solve the Black-Scholes
equation for European call options. The well-known solution has been ob-
tained straightforwardly without preliminary transformations to convert the
Black-Scholes equation to the heat equation. To our best knowledge, the im-
plemented Green’s function approach has not yet been presented anywhere.
Appendix B is a walkthrough to show that in diffusion approximation
the equation for the new Greek ΘC goes into the well-known formula for the
Black-Scholes Greek theta.
2 Asset price stochastic dynamics
2.1 Geometric Shot Noise motion
It is supposed that asset price S(t) follows the stochastic differential equation
dS = SF (t)dt, (1)
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with random force F (t) modeled by the shot noise process (see, Eq.(6) in
[3])
F (t) =
n∑
k=1
ηkϕ(t− tk), (2)
where random jumps ηk of asset price are statistically independent and
distributed with probability density function p(η), random time points tk,
which are arrival times of asset price jumps, are uniformly distributed on
time interval [t, T ], so that their total number n obeys the Poisson law with
parameter λ, and deterministic function ϕ(t) is the response function.
It is supposed that defined by Eq.(2) shot noise process F (t) describes
the influence of different fluctuating factors on asset price dynamics. A single
shot noise pulse ηkϕ(t− tk) describes the influence of a piece of information
which has become available at random moment tk on the asset price at a
later time t. Amplitude ηk responds to the magnitude of the asset price
pulse ϕ(t−tk). Amplitudes ηk are random statistically independent variables,
subject to the market information available. We assume as well that each
pulse has the same functional form or, in other words, one general response
function ϕ(t) can be used to describe the asset price dynamics.
We call the stochastic dynamics introduced by Eqs.(1) and (2) Geometric
Shot Noise motion.
2.2 Characteristic functional of shot noise
By definition the characteristic functional Φ[α(τ)] of random force F (t) is
Φ[α(τ )] =
〈
exp

i
T∫
t
dτα(τ )F (τ)


〉
, (3)
where α(τ ) is an arbitrary sufficiently smooth function and 〈...〉 stands
for the average over all randomness involved into the random force F (t).
The characteristic functional contains all information about statistical
moments of random force F (t). For example, the mean value of F (t) can be
calculated as functional derivative
< F (t) >=
1
i
δ
δα(t)
Φ[α(τ )]|α(τ)=0, (4)
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while the correlation function < F (t1)F (t2) > is given by the second order
functional derivative
< F (t1)F (t2) >=
1
i2
δ2
δα(t1)δα(t2)
Φ[α(τ )]|α(τ)=0. (5)
To evaluate the characteristic functional Φ[α(τ)] we need to define prob-
abilistic characteristics of each of three sources of randomness involved in
Eq.(2). Therefore, assuming that these three sources of randomness are in-
dependent of each other, we have three statistically independent averaging
procedures [3]:
1. Averaging over uniformly distributed time points tk on the interval
[t, T ],
〈...〉T−t =
n∏
k=1
1
T − t
T∫
t
dtk.... (6)
2. Averaging over random asset price jumps, which are statistically inde-
pendent and distributed with probability density function p(η),
〈...〉η =
n∏
k=1
∞∫
−∞
dηkp(ηk).... (7)
3. Averaging over random number n of price jumps,
〈...〉n = e−λ(T−t)
∞∑
n=0
(λ(T − t))n
n!
..., (8)
which is in fact the averaging with the Poisson probability density func-
tion, and λ is the rate of arrival of price jumps, i.e. the number of jumps per
unit time.
Now we are in position to calculate Φ[α(τ )]. First, by performing steps
#1 and #2 we obtain
Φ[α(τ )] =
〈
exp

i
T∫
t
dτα(τ)
n∑
k=1
ηkϕ(τ − tk)


〉
tk ,η
(9)
8
=
 1
T − t
T∫
t
dt′
∞∫
−∞
dηp(η) exp

iη
T∫
t′
dτα(τ)ϕ(τ − t′)




n
.
Then, let us do step #3,
Φ[α(τ )] =
〈 1
T − t
T∫
t
dt′
∞∫
−∞
dηp(η) exp

iη
T∫
t′
dτα(τ )ϕ(τ − t′)




n〉
n
= e−λ(T−t)
∞∑
n=0
(λ(T − t))n
n!
[
1
T − t
T∫
t
dt′ (10)
×
∞∫
−∞
dηp(η) exp

iη
T∫
t′
dτα(τ)ϕ(τ − t′)

 ]n
= exp

λ
T∫
t
dt′
∞∫
−∞
dηp(η) exp{iη
T∫
t′
dτα(τ )ϕ(τ − t′)} − 1

 .
Hence, we found the equation for the characteristic functional Φ[α(τ )]
defined by Eq.(3)
Φ[α(τ )] = exp

λ
T∫
t
dt′
∞∫
−∞
dηp(η) exp{iη
T∫
t′
dτα(τ)ϕ(τ − t′)} − 1

 . (11)
Further, we chose, as an example, the response function
ϕ(t) = δ(t), (12)
where δ(t) is delta-function. In this case we have for the characteristic
functional Φ[α(τ)]
Φ[α(τ)] = exp

λ
T∫
t
dτ
∞∫
−∞
dηp(η)(eiηα(τ ) − 1)

 . (13)
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Now, having Eq.(13) and definitions (4) and (5) one can easily obtain the
mean < F (t) >
< F (t) >= λ
∞∫
−∞
dηp(η)η, (14)
and the correlation function < F (t1)F (t2) >
< F (t1)F (t2) >= λ

 ∞∫
−∞
dηp(η)η2

 δ(t1−t2)+ < F (t1) >< F (t2) > . (15)
3 Option pricing equation and its solutions
3.1 A new arbitrage-free integro-differential pricing equa-
tion
Having the characteristic functional Φ[α(τ )] given by Eq.(13) and assuming a
frictionless and no-arbitrage market, a constant risk-free interest rate r, and
asset price dynamics governed by the Geometric Shot Noise motion given by
Eq.(1), we introduce a new arbitrage-free integro-differential option pricing
equation
∂C(x, t)
∂t
+ (r − q)∂C(x, t)
∂x
(16)
+λ
∞∫
−∞
dηp(η)
{
C(x+ η, t)− C(x, t)− (eη − 1)∂C(x, t)
∂x
}
− rC(x, t) = 0,
where
x = ln
S
K
, (17)
and C(x, t) is the value of a European call option1 on divident-paying
asset, S is asset price governed by Eq.(1), K is the strike price, r is the risk-
1An option which gives the owner the right, but not the obligation, to buy an asset, at
a specified price (strike price K), by a predetermined date (maturity time T ).
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free interest rate, q is continuously paid dividend yield, which is a constant,
p(η) is the probability density function involved into Eq.(2).
The terminal condition (or payoff function) for a European call option is
C(S, T ) = max(S −K, 0), (18)
where T is an option maturity time.
If we take into account Eq.(17), then we can write Eq.(18) as
C(x, T ) = Kmax(ex − 1, 0). (19)
Thus, the new generalized option pricing framework has been introduced
by Eqs.(16) and (19).
To value a European put option2 P (x, t) we have the same equation as
Eq.(16) while the terminal condition is
P (S, T ) = max(K − S, 0). (20)
With help of Eq.(17) the terminal condition (20) for a European put
option becomes
P (x, T ) = Kmax(1− ex, 0). (21)
If we go from C(x, t) to C(S, t), where x and S are related to each other
through Eq.(17), then we can write an option pricing equation (16) in the
form
∂C(S, t)
∂t
+ (r − q)S∂C(S, t)
∂S
(22)
+λ
∞∫
−∞
dηp(η)
{
C(Seη, t)− C(S, t)− (eη − 1)S∂C(S, t)
∂S
}
− rC(S, t) = 0,
with the terminal condition given either by Eq.(18) or by Eq.(20).
When valuing an option, it is common practice to consider time to expiry
T − t instead of time t. Taking into account that
2An option which gives the owner the right, but not the obligation, to sell an asset, at
a strike price K, on the maturity date T .
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∂∂t
→ − ∂
∂(T − t) , (23)
we can present Eq.(16) in the form
−∂C(x, T − t)
∂(T − t) + (r − q)
∂C(x, T − t)
∂x
+ λ
∞∫
−∞
dηp(η)
{
C(x+ η, T − t)− C(x, T − t)− (eη − 1)∂C(x, T − t)
∂x
}
(24)
−rC(x, T − t) = 0,
while the terminal condition (19) for a call option becomes
C(x, T − t)|t=T = C(x, 0) = Kmax(ex − 1, 0), (25)
and the terminal condition (21) for a put option becomes
P (x, T − t)|t=T = P (x, 0) = Kmax(1− ex, 0). (26)
3.2 Exact solution to the integro-differential equation
3.2.1 Call option
To solve Eq.(24) subject to terminal condition given by (25) we will use the
Green’s function method.
By definition, Green’s function G(x − x′, T − t) satisfies the integro-
differential equation
−∂G(x − x
′, T − t)
∂(T − t) + (r − q)
∂G(x− x′, T − t)
∂x
+ λ
∞∫
−∞
dηp(η){G(x+ η − x′, T − t)−G(x− x′, T − t) (27)
−(eη − 1)∂G(x− x
′, T − t)
∂x
} − rG(x− x′, T − t) = 0,
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and the terminal condition
G(x− x′, T − t)|t=T = G(x− x′, 0) = δ(x− x′), (28)
where T − t is the time to maturity.
Having Green’s function G(x−x′, T − t), we write the solution to Eq.(24)
with condition (25) in the form
C(x, T − t) = K
∞∫
−∞
dx′G(x− x′, T − t)max(ex′ − 1, 0), (29)
and the solution to Eq.(24) with condition (26) in the form
P (x, T − t) = K
∞∫
−∞
dx′G(x− x′, T − t)max(1− ex′, 0). (30)
Green’s function introduced by Eqs.(27) and (28) can be found by the
Fourier transform method. Green’s function G(x− x′, T − t) reads
G(x− x′, T − t) = 1
2π
∞∫
−∞
dkeik(x−x
′)G(k, T − t), (31)
where G(k, T − t) is the Fourier transform of Green’s function defined by
G(k, T − t) =
∞∫
−∞
dxe−ikxG(x, T − t). (32)
In terms of G(k, T − t), Eq.(27) takes the form
∂G(k, T − t)
∂(T − t) = [−r + ik(r − q) (33)
+λ
∞∫
−∞
dηp(η)
{
eikη − 1− ik(eη − 1)}]G(k, T − t),
while the terminal condition (28) becomes
G(k, T − t)|t=T = G(k, 0) = 1. (34)
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The solution to the problem defined by Eqs.(33) and (34) is
G(k, T − t) = e−r(T−t) (35)
× exp

[ik(r − q) + λ
∞∫
−∞
dηp(η)
{
eikη − 1− ik(eη − 1)}](T − t)

 ,
Then Eq.(31) gives us Green’s function G(x− x′, T − t)
G(x− x′, T − t) = e
−r(T−t)
2π
∞∫
−∞
dkeik(x−x
′) (36)
× exp

[ik(r − q) + λ
∞∫
−∞
dηp(η)
{
eikη − 1− ik(eη − 1)}](T − t)

 .
Substituting Eq.(36) into Eq.(29) yields for the value of a European call
option C(x, T − t)
C(x, T − t) = Ke
−r(T−t)
2π
∞∫
−∞
dx′
∞∫
−∞
dkeik(x−x
′)
× exp

[ik(r − q) + λ
∞∫
−∞
dηp(η)
{
eikη − 1− ik(eη − 1)}](T − t)

 (37)
×max(ex′ − 1, 0).
Further, changing integration variable x′ to z
z = x− x′ + (r − q − λς)(T − t), (38)
and introducing parameter l defined by
l = x+ (r − q − λς)(T − t), (39)
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yield
C(x, T − t) = Ke−r(T−t) e
l
2π
l∫
−∞
dz
∞∫
−∞
dkeikz−z exp {λ(T − t)ξ(k)} (40)
−Ke
−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz exp {λ(T − t)ξ(k)} ,
where ς and ξ(k) have been introduced by
ς =
∞∫
−∞
dηp(η)(eη − 1), (41)
and
ξ(k) =
∞∫
−∞
dηp(η)(eikη − 1), (42)
with p(η) being the probability density function of the magnitude of asset
price jumps.
It is easy to see that Eq.(40) can be written in the form
C(S, T − t) = Se−q(T−t)L1(l)−Ke−r(T−t)L2(l), (43)
where functions L1(l) and L2(l) are defined as
L1(l) =
e−λς(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz−z exp {λ(T − t)ξ(k)} , (44)
L2(l) =
1
2π
l∫
−∞
dz
∞∫
−∞
dkeikz exp {λ(T − t)ξ(k)} , (45)
with ς and ξ(k) given by Eqs.(41) and (42).
Thus, we found the new equation (43) to value a European call option
when the stochastic dynamics of asset price is governed by Eq.(1).
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3.2.2 Put option
Substitution of Eq.(36) into Eq.(30) yields for the value of a European put
option
P (x, T − t) = Ke
−r(T−t)
2π
∞∫
−∞
dx′
∞∫
−∞
dkeik(x−x
′)
× exp

[ik(r − q) + λ
∞∫
−∞
dηp(η)
{
eikη − 1− ik(eη − 1)}](T − t)

 (46)
×max(1− ex′ , 0).
This equation can be presented as
P (S, T − t) = Ke−r(T−t)L2(l)− Se−q(T−t)L1(l), (47)
where l is given by Eq.(39) while functions L1(l) and L2(l) are introduced
by
L1(l) = e
−λς(T−t)
2π
∞∫
l
dz
∞∫
−∞
dkeikz−z exp {λ(T − t)ξ(k)} , (48)
L2(l) = 1
2π
∞∫
l
dz
∞∫
−∞
dkeikz exp {λ(T − t)ξ(k))} , (49)
with ς and ξ(k) defined by Eqs.(41) and (42).
Thus, we obtained the new equation (47) to value a European put option
when the stochastic dynamics of asset price is governed by Eq.(1).
4 Put-Call parity
The put-call parity is a fundamental relationship between the values of Eu-
ropean call and put options, both with the same strike price K and time
to expiry T − t. This relationship is a manifestation of the no-arbitrage
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principle. The put-call parity equation is model independent and has the
form
C(S, T − t)− P (S, T − t) = Se−q(T−t) −Ke−r(T−t). (50)
To prove this relationship we use Eqs.(43) and (47) to obtain
C(S, T − t)− P (S, T − t) = (51)
= Se−q(T−t)(L1(l) + L1(l))−Ke−r(T−t)(L2(l) + L2(l)),
From the definitions of functions L given by Eqs.(44) and (45), and func-
tions L given by Eqs.(48) and (49) we have
L1(l) + L1(l) = 1, (52)
and
L2(l) + L2(l) = 1. (53)
Let’s show, for example, that equation (53) holds. Indeed, with help of
Eqs.(45) and (49) we write for Eq.(53)
L2(l) + L2(l) = 1
2π
(
∞∫
−∞
dz
∞∫
−∞
dkeikz exp {λ(T − t)ξ(k)} ) (54)
=
∞∫
−∞
dkδ(k) exp {λ(T − t)ξ(k)} = exp {λ(T − t)ξ(0)} = 1,
here we used ξ(k = 0) = 0 as it follows immediately from Eq.(42).
A similar consideration can be provided to prove Eq.(52).
By substituting Eqs.(52) and (53) into Eq.(51) we complete the proof of
put-call parity equation (50).
5 Greeks
The purpose of this Section is to calculate the Greeks based on equation (43).
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In option pricing fundamentals and option trading, Greek letters are used
to define sensitivities (Greeks) of the option value in respect to a change in
either underlying price (i.e., asset price) or parameters (i.e., risk-free rate,
time to maturity, etc.). The Greeks can be considered as effective tools
to measure and manage the risk in an option position. The most common
Greeks are the first order derivatives: delta, rho, psi and theta as well as
gamma, a second-order derivative of the option value over underlying price.
To simplify calculations of the Greeks let’s note that the following equa-
tions hold
Se−q(T−t)
∂L1(l)
∂l
= Ke−r(T−t)
∂L2(l)
∂l
, (55)
Se−q(T−t)
∂L1(l)
∂l
= Ke−r(T−t)
∂L2(l)
∂l
, (56)
where functions L1(l), L2(l), L1(l), L2(l) are given by Eqs.(44), (45), (48)
and (49).
5.1 Common Greeks
The Greek delta for a call option ∆C is given by
∆C =
∂C(S, T − t)
∂S
= e−q(T−t)L1(l). (57)
The Greek rho ρC for a call option is
ρC =
∂C(S, T − t)
∂r
= (T − t)Ke−r(T−t)L2(l). (58)
The Greek psi ψC for a call option is the first partial derivative of option
value C(S, T − t) with respect to the dividend rate q,
ψC =
∂C(S, T − t)
∂q
= −(T − t)Se−q(T−t)L1(l). (59)
The Greek theta ΘC for a call option is defined by
ΘC = −∂C(S, T − t)
∂(T − t) =
∂C(S, T − t)
∂t
.
Thus, we have
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ΘC = qSe
−q(T−t)L1(l)− rKe−r(T−t)L2(l) + Se−q(T−t)λςL1(l)
− λSe−q(T−t) e
−λς(T−t)
2π
l∫
−∞
dze−z
∞∫
−∞
dkeikzξ(k) exp {λ(T − t)ξ(k)} (60)
+
λKe−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikzξ(k) exp {λ(T − t)ξ(k)} .
Finally, the second order sensitivity gamma ΓC for a call option is
ΓC =
∂2C(S, T − t)
∂S2
= e−q(T−t)
∂L1(l)
∂l
∂l
∂S
=
e−q(T−t)
S
∂L1(l)
∂l
. (61)
Functions L1(l) and L2(l) in the formulas above are given by Eqs.(44)
and (45).
Table 1 summarizes the common Greeks for a call option.
Call
Delta, ∆C=
∂C(S,T−t)
∂S
e−q(T−t)L1(l)
Gamma, ΓC=
∂C2(S,T−t)
∂S2
e−q(T−t)
S
∂L1(l)
∂l
= Ke
−r(T−t)
S2
∂L2(l)
∂l
Rho, ρC=
∂C(S,T−t)
∂r
(T − t)Ke−r(T−t)L2(l)
Psi, ψC=
∂C(S,T−t)
∂q
−(T − t)Se−q(T−t)L1(l)
Theta, ΘC=
∂C(S,T−t)
∂t
qSe−q(T−t)L1(l)− rKe−r(T−t)L2(l)
+λςSe−q(T−t)L1(l)
−λSe−q(T−t)e−λς(T−t)
2pi
l∫
−∞
dze−z
∞∫
−∞
dkeikzξ(k)eλ(T−t)ξ(k)
+λKe
−r(T−t)
2pi
l∫
−∞
dz
∞∫
−∞
dkeikzξ(k)eλ(T−t)ξ(k)
Table 1. Common Greeks (Call option)
Common Greeks for a put option can be easily found by using the put-call
parity equation (50).
The Greek delta for a put option ∆P is
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∆P =
∂P (S, T − t)
∂S
= −e−q(T−t)L1(l) = ∆C − e−q(T−t), (62)
where ∆C is the Greek delta for a call option given by Eq.(57).
The Greek rho ρP for a put option is
ρP =
∂P (S, T − t)
∂r
= −(T−t)Ke−r(T−t)L2(l) = ρC−(T−t)Ke−r(T−t), (63)
where ρC is the Greek rho for a call option given by Eq.(58).
The Greek psi ψP for a put option is the first partial derivative of option
value P (S, T − t) with respect to the dividend rate q,
ψP =
∂P (S, T − t)
∂q
= (T − t)Se−q(T−t)L1(l) = ψC + (T − t)Se−q(T−t), (64)
where ψC is the Greek psi for a call option given by Eq.(59).
The Greek theta ΘP for a put option is defined by
ΘP = −∂P (S, T − t)
∂(T − t) =
∂P (S, T − t)
∂t
.
Thus, from the put-call parity equation (50) we have
ΘP = ΘC − qSe−q(T−t) + rKe−r(T−t), (65)
where ΘC is the Greek theta for a call option given by Eq.(60).
Finally, the second order sensitivity gamma ΓP for a put option is
ΓP =
∂2P (S, T − t)
∂S2
= −e
−q(T−t)
S
∂L1(l)
∂l
=
e−q(T−t)
S
∂L1(l)
∂l
= ΓC , (66)
where ΓC is the Greek gamma for a call option given by Eq.(59).
Hence, we conclude that
ΓP = ΓC . (67)
Functions L1(l), L1(l), and L2(l) in the formulas above are given by
Eqs.(44), (48) and (49).
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Table 2 summarizes the common Greeks for a put option.
Put
Delta, ∆P=
∂P (S,T−t)
∂S
−e−q(T−t)L1(l) = ∆C − e−q(T−t)
Gamma, ΓP=
∂P 2(S,T−t)
∂S2
- e
−q(T−t)
S
∂L1(l)
∂l
= e
−q(T−t)
S
∂L1(l)
∂l
= ΓC
Rho, ρP=
∂P (S,T−t)
∂r
−(T − t)Ke−r(T−t)L2(l) = ρC − (T − t)Ke−r(T−t)
Psi, ψP=
∂P (S,T−t)
∂q
(T − t)Se−q(T−t)L1(l) = ψC + (T − t)Se−q(T−t)
Theta, ΘP=
∂P (S,T−t)
∂t
ΘC−qSe−q(T−t)+rKe−r(T−t)
Table 2. Common Greeks (Put option)
5.2 New Greeks
5.2.1 Gaussian jumps model
The new Greeks are option sensitivities associated with the market parame-
ters involved in the definition of shot noise process F (t) (see, Eq.(2)). Besides
parameter λ, which is the rate of asset price jumps arrival, there can be other
market parameters associated with probability density function p(η) involved
into the definition of shot noise F (t). As soon as we specify the probability
density function p(η), we will get the market parameters associated with it.
Having these parameters, we can introduce a few new Greeks.
At this point we assume, as an example, that the probability density
function of asset price jump magnitudes is a normal distribution
p(η) =
1√
2πδ
exp{−(η − ν)
2
2δ2
}, (68)
where the market parameters ν and δ2 are the mean and variance of asset
price jump magnitudes.
The first order derivatives of a call option with respect to parameters λ,
ν and δ will bring three new Greeks, which do not exist in the Black-Scholes
option pricing framework.
It follows immediately from put-call parity equation (50) that all three
new Greeks are the same for call and put options. Thus, we need to calculate
these Greeks for call option only.
5.2.2 Greek κ
We introduce the notation κC for the derivative of call option with respect
to λ, which is the rate of asset price jumps arrival. Hence, the definition of
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the Greek ”kappa” κC is
κC =
∂C(S, T − t)
∂λ
. (69)
The Greek κC is a new Greek that does not exist in the Black-Scholes
framework, because of the absence of market parameter λ.
To find the Greek ”kappa” we differentiate Eq.(43) with respect to λ.
The result is
κC
T − t = −ςSe
−q(T−t)L1(l)
+ Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz−zξ(k) exp {λ(T − t)ξ(k)} (70)
−Ke
−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikzξ(k) exp {λ(T − t)ξ(k)} .
Comparing Eqs.(60) and (70) let’s obtain the relationship between ΘC
and κC
κC =
T − t
λ
(qSe−q(T−t)L1(l)− rKe−r(T−t)L2(l)−ΘC), (71)
or
ΘC = qSe
−q(T−t)L1(l)− rKe−r(T−t)L2(l)− λκC
T − t . (72)
Thus, we discovered a new fundamental relationship between common
Greek ΘC and newly introduced Greek κC .
It has already been mentioned that the ”kappa” for a put option κP is
the same as ”kappa” for a call option κC ,
κP = κC , (73)
because of the put-call parity equation (50).
The fundamental relationship between the common Greek ΘP and newly
introduced κP has the form
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ΘP = −qSe−q(T−t)L1(l) + rKe−r(T−t)L2(l)− λκP
T − t , (74)
which can be easily verified with help of Eqs.(65), (52), (53), (72) and
(73).
Straightforward substitution of Eq.(43) into the definition (69) and cal-
culation of the derivative of C(S, T − t) with respect to λ yield the identities
for κC with involvement of some common Greeks. For example, it is easy to
see that the identity holds
κC = S
∂∆C
∂λ
− 1
T − t
∂ρC
∂λ
, (75)
where ∆C , and ρC are defined by Eqs.(57) and (58).
5.2.3 Greek µ
Let us introduce the Greek ”mu” µC as the first order derivative of a call
option with respect to parameter ν, which is the mean of asset price jump
magnitudes,
µC =
∂C(S, T − t)
∂ν
. (76)
The Greek µC is a new Greek that does not exist in the Black-Scholes
framework, because of the absence of market parameter ν.
Calculating the derivative of C(S, T − t) with respect to ν yields
µC
λ(T − t) = −
∂ς
∂ν
Se−q(T−t)L1(l)
+ Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz−z
∂ξ(k)
∂ν
exp {λ(T − t)ξ(k)} (77)
−Ke
−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz
∂ξ(k)
∂ν
exp {λ(T − t)ξ(k)} .
It is easy to see from Eqs.(41) and (42) that for p(η) given by Eq.(68) we
have
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∂ς
∂ν
= eν+
δ2
2 = (ς + 1), (78)
and
∂ξ(k)
∂ν
= eikν−
k2δ2
2 = ik(ξ(k) + 1). (79)
Therefore, Eq.(77) can be rewritten as
µC
λ(T − t) = −Se
−q(T−t)(ς + 1)L1(l)
+ Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz−zik(ξ(k) + 1) exp {λ(T − t)ξ(k)} (80)
−Ke
−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikzik(ξ(k) + 1) exp {λ(T − t)ξ(k)} .
Further, taking into account that
ikeikz =
∂
∂z
eikz,
and performing integration over dz we find
µC
λ(T − t) = −ςSe
−q(T−t)L1(l)+ (81)
+Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dze−z
∞∫
−∞
dkeikzξ(k) exp {λ(T − t)ξ(k)} ,
which can be considered as the equation to calculate the Greek µC .
Let us show that Eq.(81) can be used to find new identities with involve-
ment of the Greek µC and some common Greeks. For instance, if we rewrite
Eq.(81) in the form
µC
λ
= Se−q(T−t)
(
∂L1(l)
∂λ
− ∂L1(l)
∂l
∂l
∂λ
)
, (82)
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then it is easy to see that the identity holds
µC
λ
= S
∂∆C
∂λ
+ ς(T − t)S2ΓC , (83)
where the Greek ΓC is defined by Eq.(61).
With the help of Eq.(75) we can obtain another identity from Eq.(83)
κC =
µC
λ
− 1
T − t
∂ρC
∂λ
− ς(T − t)S2ΓC , (84)
which establishes the relationship between newly introduced Greeks κC
and µC .
5.2.4 Greek ǫ
A new Greek ”epsilon” ǫC is introduced as the derivative of a call option with
respect to parameter δ, which is the standard deviation of asset price jump
magnitudes,
ǫC =
∂C(S, T − t)
∂δ
. (85)
The Greek ǫC is a new Greek that does not exist in the Black-Scholes
framework, because of the absence of market parameter δ.
The derivative of C(S, T − t) with respect to δ can be expressed as
ǫC
λ(T − t) = −
∂ς
∂δ
Se−q(T−t)L1(l)
+ Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dze−z
∞∫
−∞
dkeikz
∂ξ(k)
∂δ
exp {λ(T − t)ξ(k)} (86)
−Ke
−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz
∂ξ(k)
∂δ
exp {λ(T − t)ξ(k)} .
It follows from Eqs.(41) and (42) that
∂ς
∂δ
= eν+
δ2
2 = δ(ς + 1), (87)
25
and
∂ξ(k)
∂δ
= eikν−
k2δ2
2 = −k2δ(ξ(k) + 1). (88)
Further, taking into account that
−k2eikz = ∂
2
∂z2
eikz,
we have
ǫC
δλ(T − t) = −(ς + 1)Se
−q(T−t)L1(l)
+Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dze−z
∞∫
−∞
dk
∂2
∂z2
eikz(ξ(k) + 1) exp {λ(T − t)ξ(k)}
−Ke
−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dk
∂2
∂z2
eikz(ξ(k) + 1) exp {λ(T − t)ξ(k)} .
Integration by parts over dz yields
ǫC
λ(T − t)δ = −ςSe
−q(T−t)L1(l)
+ Se−q(T−t)
e−λς(T−t)
2π
l∫
−∞
dze−z
∞∫
−∞
dkeikzξ(k) exp {λ(T − t)ξ(k)} (89)
+
Ke−r(T−t)
2π
∞∫
−∞
dkeikl(ξ(k) + 1) exp {λ(T − t)ξ(k)} ,
which can be considered as the equation to calculate the Greek ǫC .
Comparing the equation above with Eq.(83) let’s conclude that the fol-
lowing relationship holds
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ǫC
λ(T − t)δ =
µC
λ(T − t) + S
2ΓC (90)
+
Ke−r(T−t)
2π
∞∫
−∞
dkeiklξ(k) exp {λ(T − t)ξ(k)} ,
where ΓC is given by Eq.(61).
Straightforward substitution of Eq.(43) into definition (85) and calcula-
tion of the derivative of C(S, T − t) with respect to δ yield the identities for
ǫC with involvement of common Greeks ∆C and ρC . For example, it is easy
to see that the identity holds
ǫC = S
∂∆C
∂δ
− 1
T − t
∂ρC
∂δ
,
where ∆C , and ρC are defined by Eqs.(57) and (58).
6 Black-Scholes equation
6.1 Diffusion approximation
We are aiming to show that the well-known Black-Scholes equation can be
obtained from the integro-differential option pricing equation (16). To get the
Black-Scholes equation let’s consider the market situation when the variance
of asset price jump magnitudes δ2 → 0, while the arrival rate of price jumps
λ→∞ in such a way that the product λ
∞∫
−∞
dηp(η)η2 remains finite. We call
this case ”diffusion approximation”.
Due to the condition δ2 → 0, the expression under the integral sign in
Eq.(16) can be expanded in η up to the second-order
∂C(x, t)
∂t
+ (r − q)∂C(x, t)
∂x
(91)
+
λ
2
∞∫
−∞
dηp(η)η2
{
∂2C(x, t)
∂x2
− ∂C(x, t)
∂x
}
− rC(x, t) = 0.
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To simplify the equations in downstream consideration it is convenient to
introduce the notation
σ2 = λ
∞∫
−∞
dηp(η)η2. (92)
In general, the ”diffusion approximation” is the case when the mean of
asset price jump magnitudes ν → 0, the variance of asset price jump magni-
tudes δ2 → 0 and the arrival rate of price jumps λ→∞ while the products
λ
∞∫
−∞
dηp(η)η and λ
∞∫
−∞
dηp(η)η2 remain finite.
6.2 Option pricing equation
With help Eq.(92), equation (91) can be rewritten as
∂C(x, t)
∂t
+
σ2
2
∂2C(x, t)
∂x2
+ (r − q − σ
2
2
)
∂C(x, t)
∂x
− rC(x, t) = 0. (93)
Then the substitution
S
K
= ex, (94)
yields
∂C(S, t)
∂t
+
σ2
2
(S
∂
∂S
)2C(S, t) + (r − q − σ
2
2
)S
∂C(S, t)
∂S
− rC(S, t) = 0 (95)
or
∂C(S, t)
∂t
+
σ2
2
S2
∂2C(S, t)
∂S2
+ (r − q)S∂C(S, t)
∂S
− rC(S, t) = 0. (96)
This is the famous Black-Scholes equation [1], which has to be supple-
mented with the terminal condition given by Eq.(18) for call option and by
Eq.(20) for put option.
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Thus, it has been shown that the new pricing equation (16) goes into the
Black-Scholes equation (96) in diffusion approximation. The parameter σ
introduced by Eq.(92) is called ”volatility” of asset price S.
If we go from time t to the time to expiry T − t, then Eq.(96) can be
rewritten as
−∂C(S, T − t)
∂(T − t) +
σ2
2
S2
∂2C(S, T − t)
∂S2
+(r−q)S∂C(S, T − t)
∂S
−rC(S, T−t) = 0,
(97)
while the terminal conditions (18), (20) became
C(S, T − t)|t=T = C(S, 0) = max(S −K, 0), (98)
for a European call option, and
P (S, T − t)|t=T = P (S, T ) = max(K − S, 0). (99)
for a European put option.
6.3 The solution to Black-Scholes equation
The straightforward solution to Eq.(97) with the terminal condition (98) has
been presented in Appendix A.
Here we show that solution (43) to the integro-differential pricing equation
(24) goes into the Black-Scholes solution in diffusion approximation.
In the diffusion approximation we have
λς = λ
∞∫
−∞
dηp(η)(η +
η2
2
) = λν +
σ2
2
, (100)
and
λξ(k) = λ
∞∫
−∞
dηp(η)(ikη − k
2η2
2
) = ikλν − k
2σ2
2
, (101)
where σ2 is given by Eq.(92) and ς and ξ(k) are defined by Eqs.(41) and
(42).
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6.3.1 Function L1(l) in diffusion approximation
To find the equation for L1(l) in diffusion approximation we substitute Eqs.(100)
and (101) into Eq.(44)
L1(l) →
diff
L
(diff)
1 =
e−(λν+
σ2
2
)(T−t)
2π
x+(r−q−λν−σ2
2
)(T−t)∫
−∞
dze−z (102)
×
∞∫
−∞
dkeikz exp
{
(ikλν − k
2σ2
2
)(T − t)
}
.
Calculation of the integral over dk results in
1
2π
∞∫
−∞
dkeikz exp
{
(ikλν − k
2σ2
2
)(T − t)
}
(103)
=
1
σ
√
2π(T − t) exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
.
Substituting Eq.(103) into Eq.(102) and changing integration variable
z → y
z → y = z + λν(T − t),
yield
L
(diff)
1 =
1
σ
√
2π(T − t) (104)
×
x+(r−q−σ2
2
)(T−t)∫
−∞
dy exp
{
−1
2
(
y
σ
√
T − t + σ
√
T − t
)2}
.
With help of a new integration variable w
y → w = y
σ
√
T − t + σ
√
T − t,
we rewrite Eq.(104) in the following way
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L
(diff)
1 =
1√
2π
x+(r−q−σ
2
2 )(T−t)
σ
√
T−t +σ
√
T−t∫
−∞
dw e−
w2
2 . (105)
Then function L
(diff)
1 takes the form
L
(diff)
1 = N(d1), (106)
where function N(d) is the cumulative distribution function of the stan-
dard normal distribution [4]
N(d) =
1√
2π
d∫
−∞
dw e−
w2
2 , (107)
and parameter d1 has been introduced by
d1 =
x+ (r − q − σ2
2
)(T − t)
σ
√
T − t + σ
√
T − t = x+ (r − q +
σ2
2
)(T − t)
σ
√
T − t . (108)
Thus, it has been shown that in diffusion approximation function L1(l)
goes into function N(d1),
L1(l) →
diff
L
(diff)
1 = N(d1). (109)
The similar consideration brings the equation for function L1(l) in diffu-
sion approximation
L1(l) →
diff
L(diff)1 = N(−d1), (110)
with N(d) and d1 defined by Eqs.(107) and (108).
On a final note we present the equation for ∂L1(l)/∂l in diffusion approx-
imation
∂L1(l)
∂l
→
diff
1
σ
√
T − tN
′(d1),
where N ′(d) = exp(−d2/2)/√2π is derivative of N(d) with respect to d
and d1 is given by Eq.(108).
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6.3.2 Function L2(l) in diffusion approximation
To find the equation for L2(l) in diffusion approximation we substitute Eqs.(100)
and (101) into Eq.(45)
L2(l) →
diff
L
(diff)
2 =
1
2π
x+(r−q−λν−σ2
2
)(T−t)∫
−∞
dz (111)
×
∞∫
−∞
dkeikz exp
{
(ikλν − k
2σ2
2
)(T − t)
}
,
Following the consideration provided while we calculated L
(diff)
1 we find
L
(diff)
2 = N(d2), (112)
where function N(d) is defined by Eq.(107) and d2 has been introduced
by
d2 =
x+ (r − q − σ2
2
)(T − t)
σ
√
T − t = d1 − σ
√
T − t. (113)
Thus, it has been shown that in diffusion approximation function L2(l)
goes into function N(d2).
L2(l) →
diff
L
(diff)
2 = N(d2).
In a similar way the equation for L2(l) can be obtained
L2(l) →
diff
L(diff)2 = N(−d2), (114)
with N(d) and d2 defined by Eqs.(107) and (113).
On a final note we present the equation for ∂L2(l)/∂l in diffusion approx-
imation
∂L2(l)
∂l
→
diff
1
σ
√
T − tN
′(d2),
where N ′(d) = exp(−d2/2)/√2π is derivative of N(d) with respect to d,
and d2 is given by Eq.(113).
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6.3.3 Solution to option pricing equation in diffusion approxima-
tion
Using Eqs.(106) and (112) we can write Eq.(43) in diffusion approximation
in the form
CBS(S, T − t) = Se−q(T−t)N(d1)−Ke−r(T−t)N(d2), (115)
where CBS(S, T − t) stands for the value of a European call option in the
Black-Scholes model.
Using Eqs.(110) and (114) we can write Eq.(47) in diffusion approxima-
tion in the form
PBS(S, T − t) = Ke−r(T−t)N(−d2)− Se−q(T−t)N(−d1), (116)
where PBS(S, T − t) stands for the value of a European put option in the
Black-Scholes model.
Hence, we see that in diffusion approximation, solutions (43) and (47) go
into the Black-Scholes solutions for call and put options. The key feature
of diffusion approximation is the Black-Scholes volatility defined by Eq.(92).
In other words, Eq.(92) sheds light into the stochastic dynamic origin of the
Black-Scholes volatility, which emerges naturally in the diffusion approxima-
tion.
6.4 Greeks in diffusion approximation
6.4.1 Greek vega
In the Black-Scholes world there is a volatility σ. Hence, we can consider
the derivative of call and put options with respect to σ. This is the Greek
”vega”3.
For instance, for a European call option we have vega υC which is
υC =
∂C(S, T − t)
∂σ
= Se−q(T−t)
√
T − tN ′(d1) = Ke−r(T−t)
√
T − tN ′(d2),
(117)
where N ′(d) stands for derivative of N(d) with respect to d,
3Actually, there is no such Greek name as vega and υ does not belong to Greek symbols.
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N ′(d) =
1√
2π
exp(−d2/2), (118)
parameters d1 and d2 are defined by Eqs.(108) and (113).
It follows from the put-call parity law (50), which holds for the Black-
Scholes solutions, that
υP =
∂P (S, T − t)
∂σ
=
∂C(S, T − t)
∂σ
= υC , (119)
that is, the Greeks vega for call and put options are the same.
6.4.2 Black-Scholes Greeks
It follows from Eqs.(109), (110), (112) and (114) that in diffusion approxima-
tion all common Greeks presented in Tables 1 and 2 go into the well-known
Black-Scholes Greeks.
Table 3 summarizes the Black-Scholes Greeks for a call option.
Call (Black-Scholes pricing equation)
Delta, ∆C=
∂C(S,T−t)
∂S
e−q(T−t)N(d1)
Gamma, ΓC=
∂C2(S,T−t)
∂S2
e−q(T−t)
Sσ
√
T−tN
′(d1) = Ke
−r(T−t)
S2σ
√
T−t N
′(d2)
Rho, ρC=
∂C(S,T−t)
∂r
(T − t)Ke−r(T−t)N(d2)
Psi, ψC=
∂C(S,T−t)
∂q
−(T − t)Se−q(T−t)N(d1)
Theta, ΘC=
∂C(S,T−t)
∂t
qSe−q(T−t)N(d1)− rKe−r(T−t)N(d2)− σSe
−q(T−t)N ′(d1)
2
√
T−t
Vega υC=
∂C(S,T−t)
∂σ
Se−q(T−t)
√
T − tN ′(d1) = Ke−r(T−t)
√
T − tN ′(d2)
Table 3. Black-Scholes Greeks (Call option)
7 Generalized option pricing framework
7.1 Geometric Brownian motion and Geometric Shot
Noise
The new option pricing framework presented in Sec.3 can be easily general-
ized to accommodate a superposition of Geometric Brownian motion and a
Geometric Shot Noise motion. Indeed, if besides the Geometric Shot Noise
motion we have the Geometric Brownian motion, then Eq.(1) becomes
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dS = µSdt+ σSdW + SF (t)dt, (120)
where µ and σ are constants belonging to the Brownian motion process,
W is a standard Wiener process, and the shot noise process F (t) has been
introduced by Eq.(2).
7.2 Generalized arbitrage-free integro-differential op-
tion pricing equation
If asset price follows Eq.(120) then the generalized arbitrage-free integro-
differential option pricing equation has a form
∂C(x, t)
∂t
+
σ2
2
∂2C(x, t)
∂x2
+ (r − q − σ
2
2
)
∂C(x, t)
∂x
(121)
+λ
∞∫
−∞
dηp(η)
{
C(x+ η, t)− C(x, t)− (eη − 1)∂C(x, t)
∂x
}
− rC(x, t) = 0,
here x is given by Eq.(17), C(x, t) is the value of a European call option
on divident-paying asset, S is asset price governed by Eq.(120), K is the
strike price, r is the risk-free interest rate, q is continuously paid dividend
yield, which is a constant, p(η) is the probability density function involved
into Eq.(2).
If we go from C(x, t) to C(S, t) where x and S are related to each other
by Eq.(17), then we can write the generalized option pricing equation in the
form
∂C(S, t)
∂t
+
σ2
2
S2
∂2C(S, t)
∂S2
+ (r − q)S∂C(S, t)
∂S
(122)
+λ
∞∫
−∞
dηp(η)
{
C(Seη, t)− C(S, t)− (eη − 1)S∂C(S, t)
∂S
}
− rC(S, t) = 0,
with the terminal condition given either by Eq.(18) or by Eq.(20).
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In the case when λ = 0, Eq.(122) becomes the Black-Scholes equation
(see, Eq.(96)). In the case when σ = 0, Eq.(122) becomes the integro-
differential option pricing equation (see, Eq.(22)).
If we go from time t to the time to expiry T − t, then Eq.(122) can be
rewritten as
−∂C(S, T − t)
∂(T − t) +
σ2
2
S2
∂2C(S, T − t)
∂S2
+ (r − q)S∂C(S, T − t)
∂S
+ λ
∞∫
−∞
dηp(η)
{
C(Seη, T − t)− C(S, T − t)− (eη − 1)S∂C(S, T − t)
∂S
}
(123)
−rC(S, T − t) = 0,
with the terminal condition (98) for a European call option and the ter-
minal condition (99) for a European put option.
The solution to Eq.(123) with the terminal condition (98) is
C(S, T − t) = Se−q(T−t)L1(lσ)−Ke−r(T−t)L2(lσ), (124)
where new functions L1(lσ) and L2(lσ) are introduced by
L1(lσ) =
e(−
σ2
2
−λς)(T−t)
2π
lσ∫
−∞
dz
∞∫
−∞
dkeikz−z exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
,
(125)
and
L2(lσ) =
1
2π
lσ∫
−∞
dz
∞∫
−∞
dkeikz exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
, (126)
with ς and ξ(k) given by Eqs.(41) and (42), and parameter lσ defined by
lσ = x+ (r − q − σ
2
2
− λς)(T − t). (127)
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Generalized option pricing formula (124) for a European call option fol-
lows from asset price stochastic dynamics (120) modeled by superposition of
Geometric Brownian motion and a Geometric Shot Noise.
Let us consider two limit cases of Eq.(124).
1. In the limit case when σ = 0 we have
L1(lσ)|σ=0 = L1(l), (128)
L2(lσ)|σ=0 = L2(l), (129)
and Eq.(124) goes into the option pricing equation (43) with l defined by
Eq.(39).
2. In the limit case when λ = 0 we have
L1(lσ)|λ=0 = N(d1), (130)
L2(lσ)|λ=0 = N(d2), (131)
and Eq.(124) goes into the Black-Scholes option pricing formula (115)
with d1 and d2 defined by Eqs.(108) and (113).
Hence, Eq.(124) describes the impact of the interplay between Gaussian
Geometric Brownian motion and non-Gaussian Geometric Shot Noise on the
value of a European call option.
On a final note, let us present the generalized option pricing formula for
a European put option. The solution to Eq.(123) with terminal condition
(99) is
P (S, T − t) = Ke−r(T−t)L2(lσ)− Se−q(T−t)L1(lσ), (132)
where new functions L1(l) and L2(l) are introduced by
L1(lσ) =
e(−
σ2
2
−λς)(T−t)
2π
∞∫
lσ
dz
∞∫
−∞
dkeikz−z exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
,
(133)
and
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L2(lσ) =
1
2π
∞∫
lσ
dz
∞∫
−∞
dkeikz exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
, (134)
and the parameter lσ is defined by Eq.(127).
Let us consider two limit cases of Eq.(132).
1. In the limit case when σ = 0 we have
L1(lσ)|σ=0 = L1(l), (135)
L2(lσ)|σ=0 = L2(l), (136)
and Eq.(132) goes into the option pricing equation (47) with l defined by
Eq.(39).
2. In the limit case when λ = 0 we have
L1(lσ)|λ=0 = N(−d1), (137)
L2(lσ)|λ=0 = N(−d2), (138)
and Eq.(132) goes into the Balck-Scholes option pricing formula (116)
with d1 and d2 defined by Eqs.(108) and (113).
Hence, Eq.(132) describes the impact of the interplay between Gaussian
Geometric Brownian motion and non-Gaussian Geometric Shot Noise on the
value of a European put option.
It is easy to see that the value of call option given by Eq.(124) and
the value of put option given by Eq.(132) satisfy the fundamental put-call
relationship (50).
7.3 Generalized Greeks
Here we present the equations for common generalized Greeks in the case
when the value of a European call option is given by Eq.(124).
The generalized Greek delta for a call option ∆C is
∆C =
∂C(S, T − t)
∂S
= e−q(T−t)L1(lσ). (139)
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The generalized Greek rho ρC for a call option is
ρC =
∂C(S, T − t)
∂r
= (T − t)Ke−r(T−t)L2(lσ). (140)
The generalized Greek psi ψC for a call option is
ψC =
∂C(S, T − t)
∂q
= −(T − t)Se−q(T−t)L1(lσ). (141)
The generalized Greek theta ΘC for a call option is
ΘC =
∂C(S, T − t)
∂t
= qSe−q(T−t)L1(lσ)− rKe−r(T−t)L2(lσ) + Se−q(T−t)(σ
2
2
+ λς)L1(lσ)
− Se−q(T−t) e
(−σ2
2
−λς)(T−t)
2π
(142)
×
l∫
−∞
dze−z
∞∫
−∞
dkeikz(−σ
2k2
2
+ λξ(k)) exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
+
λKe−r(T−t)
2π
l∫
−∞
dz
∞∫
−∞
dkeikz(−σ
2k2
2
+λξ(k)) exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
.
The second order sensitivity generalized gamma ΓC for a call option is
ΓC =
∂2C(S, T − t)
∂S2
= e−q(T−t)
∂L1(lσ)
∂lσ
∂lσ
∂S
=
e−q(T−t)
S
∂L1(lσ)
∂lσ
. (143)
Finally, the generalized Greek vega υC for a call option is
υC =
∂C(S, T − t)
∂σ
= −σ(T − t)Se−q(T−t)L1(lσ)
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− Se
−q(T−t)σ(T − t)e(−σ22 −λς)(T−t)
2π
(144)
×
lσ∫
−∞
dz
∞∫
−∞
dkeikz−zk2 exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
+
Ke−r(T−t)σ(T − t)
2π
lσ∫
−∞
dz
∞∫
−∞
dkeikzk2 exp
{
[−σ
2k2
2
+ λξ(k)](T − t)
}
.
Functions L1(lσ) and L2(lσ) in the formulas above are given by Eqs.(125)
and (126).
Table 4 summarizes the common generalized Greeks for a call option.
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Call
Delta, ∆C=
∂C(S,T−t)
∂S
e−q(T−t)L1(lσ)
Gamma, ΓC=
∂C2(S,T−t)
∂S2
e−q(T−t)
S
∂L1(lσ)
∂lσ
= Ke
−r(T−t)
S2
∂L2(lσ)
∂lσ
Rho, ρC=
∂C(S,T−t)
∂r
(T − t)Ke−r(T−t)L2(lσ)
Psi, ψC=
∂C(S,T−t)
∂q
−(T − t)Se−q(T−t)L1(lσ)
Theta, ΘC=
∂C(S,T−t)
∂t
qSe−q(T−t)L1(lσ)−rKe−r(T−t)L2(lσ)
+(σ2/2 + λς)Se−q(T−t)L1(lσ)
−Se−q(T−t)e(−
σ2
2 −λς)(T−t)
2pi
l∫
−∞
dze−z
×
∞∫
−∞
dkeikz(−σ2k2
2
+λξ(k))e{[−
σ2k2
2
+λξ(k)](T−t)}
+λKe
−r(T−t)
2pi
l∫
−∞
dz
×
∞∫
−∞
dkeikz(−σ2k2
2
+λξ(k))e{[−
σ2k2
2
+λξ(k)](T−t)}
Vega, υC =
∂C(S,T−t)
∂σ
−σ(T − t)Se−q(T−t)L1(lσ)
−Se−q(T−t)σ(T−t)e(−
σ2
2 −λς)(T−t)
2pi
lσ∫
−∞
dz
×
∞∫
−∞
dkeikz−zk2e{[−
σ2k2
2
+λξ(k)](T−t)}
+Ke
−r(T−t)σ(T−t)
2pi
lσ∫
−∞
dz
×
∞∫
−∞
dkeikzk2e{[−
σ2k2
2
+λξ(k)](T−t)}
Table 4. Common generalized Greeks (Call option)
Let us consider two limit cases of Eqs.(139)-(144).
1. In the limit case when σ = 0 the generalized Greek vega defined by
Eq.(144) does not exist, while the generalized Greeks defined by Eqs.(139)-
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(143) go into the common Greeks introduced by Eqs.(57)-(61) due to Eqs.(128)
and (129).
2. In the limit case when λ = 0 the generalized Greeks defined by
Eqs.(139)-(144) go into the well known Black-Scholes Greeks due to Eqs.(130)
and (131). The Black-Scholes Greeks are presented in Table 3.
The common generalized Greeks for a put option can be found by using
the put-call parity equation (50).
Hence, new equations (139)-(144) describe the impact of interplay be-
tween Gaussian Geometric Brownian motion and non-Gaussian Geometric
Shot Noise on the common generalized Greeks.
8 Short term interest rate dynamics
8.1 Langevin equation with shot noise
We introduce a new stochastic model to describe short term interest rate
dynamics,
dr = −ardt+ F (t)dt, (145)
which is a stochastic differential equation of the Langevin type with the
shot noise F (t) given by Eq.(2) and the parameter a (a > 0) being the speed
at which r(t) goes to its equilibrium level at t→∞.
The short term interest rate r(t) governed by Eq.(145) is a non-Gaussian
random process.
It is easy to see from Eq.(145) that if at the time moment t the short
term interest rate is r(t), then later on, at the time moment s, s > t, it will
be
r(s) = e−a(s−t)r(t) +
s∫
t
dτe−a(s−τ)F (τ) (146)
or
r(s) = e−asr0 +
s∫
0
dτe−a(s−τ)F (τ), (147)
with r0 = r(t)|t=0 if we choose t = 0.
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8.2 Bond price
8.2.1 Affine term structure
The price at time t of a zero-coupon bond P (t, T, r) which pays one currency
unit at maturity T , (0 ≤ t ≤ T ), is
P (t, T, r) =< exp{−
T∫
t
dsr(s)} >F , (148)
subject to terminal condition
P (T, T, r) = 1, (149)
here r(s) is given by Eq.(146), r = r(t) is the rate at time t, and <
... >F stands for the average with respect to all randomness involved into
the random force F (t).
Further, substitution of r(s) from Eq.(146) into Eq.(148) and straightfor-
ward integration over ds yields
P (t, T, r) = exp {A(t, T )− B(t, T )r(t)} , (150)
where the following notations have been introduced
B(t, T ) =
T∫
t
dse−a(s−t) =
1− e−a(T−t)
a
, (151)
and
exp {A(t, T )} =< exp{−
T∫
t
dsB(s, T )F (s)} >F . (152)
Therefore, we conclude that the new model introduced by Eq.(145) pro-
vides affine term structure.
To calculate the average in Eq.(152), we use Eqs.(3) and (13) to obtain
exp {A(t, T )} = exp{λr
T∫
t
ds
∞∫
−∞
dηpr(η)(e
−ηB(s,T ) − 1)}, (153)
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from which it follows directly that
A(t, T ) = λr
T∫
t
ds
∞∫
−∞
dηpr(η)(e
−ηB(s,T ) − 1). (154)
where B(s, T ) is defined by Eq.(151), λr is the number of short term
interest rate jumps per unit time, and pr(η) is the probability density function
of jump magnitudes.
We assume that probability density function pr(η) of short term interest
rate jump magnitudes is a normal distribution
pr(η) =
1√
2πδr
exp{−(η − νr)
2
2δ2r
}, (155)
where the market parameters νr and δ
2
r are the mean and variance of
short term interest rate jump magnitudes.
The calculation of the integral over η in Eq.(154) gives the result
∞∫
−∞
dηpr(η)(e
−ηB(s,T ) − 1) = exp{−νrB(s, T ) + δ
2
r
2
B2(s, T )} − 1. (156)
Therefore, we have for A(t, T )
A(t, T ) = λr
T∫
t
ds
{
exp{−νrB(s, T ) + δ
2
r
2
B2(s, T )} − 1
}
. (157)
By introducing a new integration variable y = B(s, T ), we can express
A(t, T ) in the form
A(t, T ) = λr
B(t,T )∫
0
dy
1− ay exp{−νry +
δ2r
2
y2 − 1}. (158)
Thus, based on short term interest rate dynamics introduced by Eq.(145),
we obtained formula (150) to price a zero coupon bond, where B(t, T ) is given
by Eq.(151), and A(t, T ) is given by Eqs.(157) or (158).
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8.2.2 The term structure equation
Defined by Eq.(148) the price of zero-coupon bond P (t, T, r) solves the fol-
lowing integro-differential equation
∂P (t, T, r)
∂t
− ar∂P (t, T, r)
∂r
(159)
+λr
∞∫
−∞
dηpr(η){P (t, T, r + η)− P (t, T, r)} = rP (t, T, r),
subject to terminal condition (149), with λr being the number of short
term interest rate jumps per unit time, pr(η) being the probability density
function of jump magnitudes, and parameter a being the speed at which the
short term interest rate goes to its equilibrium level at t→∞.
Following Vasicˇek [2] terminology, we call Eq.(159) ”the term structure
equation”.
To find the solution to Eq.(159) subject to terminal condition (149) let’s
note that the affine term structure means that the bond price admits solution
of the form given by Eq.(150). Substitution of Eq.(150) into Eq.(159) gives
the two ordinary differential equations to obtain A(t, T )
dA(t, T )
dt
+ λr
∞∫
−∞
dηpr(η){e−ηB(s,T ) − 1} = 0, (160)
and B(t, T )
dB(t, T )
dt
− aB(t, T ) + 1 = 0, (161)
subject to terminal conditions at t = T
A(T, T ) = 0, (162)
and
B(T, T ) = 0. (163)
To solve the system of equations (160) and (161) let’s first solve Eq.(161).
By separating the variables in Eq.(161) we write
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dB(t, T )
aB(t, T )− 1 = dt,
and
1
a
ln |aB(t, T )− 1| = t+ C,
where C is an arbitrary constant of integration.
Hence, we have
B(t, T ) =
1
a
(1± eaCeat).
The value of constant C and the sign can be fixed by imposing terminal
condition (163), and finally, we come to the solution for B(t, T ) given by
Eq.(151).
Further, Eq.(160) can be solved by straightforward integration. Indeed,
we have
A(T, T )−A(t, T ) = −λr
T∫
t
ds
∞∫
−∞
dηpr(η){e−ηB(s,T ) − 1}.
It is obvious that after taking into account terminal condition (162), we
immediately come to the solution for A(t, T ) given by Eq.(154).
Thus, we proved that the price of zero-coupon bond P (t, T, r) defined by
Eq.(148) solves the new integro-differential term structure equation (159).
8.3 Vasicˇek model
8.3.1 Diffusion approximation
To obtain the Vasicˇek bond pricing formula from Eqs.(150), (151) and (154),
we consider the diffusion approximation when νr → 0, δ2r → 0 and λr → ∞
while the products λr
∞∫
−∞
dηpr(η)η and λr
∞∫
−∞
dηpr(η)η
2 remain finite.
It follows from Eq.(154) that Adiff(t, T ) in this approximation is
A(t, T ) →
diff
Adiff(t, T ) (164)
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= λr
∞∫
−∞
dηpr(η){−ηB(s, T ) + η
2
2
B2(s, T )} = −λrνrB(s, T ) + σ
2
r
2
B2(s, T ),
where B(s, T ) is given by Eq.(151), parameter νr is
νr =
∞∫
−∞
dηpr(η)η, (165)
and parameter σ2r is
σ2r = λr
∞∫
−∞
dηpr(η)η
2. (166)
8.3.2 Long-term mean and instantaneous volatility
Substituting B(s, T ) given by Eq.(151) into Eq.(164) and evaluating the in-
tegral over ds yield
Adiff(t, T ) = −λrνr
a
(T − t−B(t, T )) (167)
+
σ2r
2a2
(
T − t− 2B(t, T ) + 1− e
−2a(T−t)
2a
)
.
Let us introduce the notation
b =
λrνr
a
. (168)
Then we have
Adiff(t, T ) ≡ AVasicˇek(t, T ) = (b− σ
2
r
2a2
) [B(t, T )− (T − t)]− σ
2
r
4a
B2(t, T ).
(169)
A bond pricing equation (150) in diffusion approximation has a form
Pdiff(t, T ) = exp {AVasicˇek(t, T )− B(t, T )r(t)} . (170)
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We recognize in Eq.(170) the Vasicˇek bond pricing formula [2] withAVasicˇek(t, T )
given by Eq.(169) and B(t, T ) given by Eq.(151). Hence, we conclude that
b defined by Eq.(168) is long term mean and σr introduced by Eq.(166) is
instantaneous volatility of the Vasicˇek short term interest rate model. The
parameter σ2r/2a appearing in Eq.(169) is sometimes called long term vari-
ance.
Let us remind that the Vasicˇek short term interest rate model has been
introduced by means of the following stochastic differential equation [2]
dr = a(b− r)dt+ σrdW (t), (171)
where a is parameter a (a > 0) being the speed at which r(t) goes to its
equilibrium level b at t → ∞, parameter σr is instantaneous volatility and
W (t) is a standard Wiener process.
The parameters a, b, and σr are positive constants. The parameter a in
the Vasicˇek model has exactly the same meaning as in our model introduced
by Eq.(145). The existence and meaning of the phenomenological long term
mean b in the Vasicˇek model is explained in our model by Eq. (168) which
emerges naturally in the diffusion approximation. In other words, our model
provides the quantitative background to introduce parameter b and lets us
conclude that the long term mean has stochastic dynamic origin. The ori-
gin of instantaneous volatility σr in the Vasicˇek model is explained in our
model by Eqs.(164) and (166), that is, our model provides the quantitative
background to introduce the Vasicˇek parameter σr.
Thus, we see that in diffusion approximation the short term interest rate
model defined by Eq.(145) goes exactly into the well-known Vasicˇek model
[2]. The long term mean given by Eq.(168) and instantaneous volatility given
by Eq.(166) are presented in terms of λr and the parameters involved into
probability density function pr(η) defined by Eq.(155). In other words, the
new stochastic model (145) gives insight into stochastic dynamic origin of
the Vasicˇek long term mean b and a short term interest rate instantaneous
volatility σr.
Let us emphasize that the stochastic dynamics (145) initiates a non-
Gaussian probability distribution of short term interest rate in contrast to
the Vasicˇek model, which gives the Gaussian distribution. However, despite
the lack of Gaussianity, the stochastic model (145) has the same degree of
analytical tractability as the Vasicˇek model.
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8.3.3 Mean and variance
It is interesting that the non-Gaussian model introduced by Eq.(145) pos-
sesses exactly the same mean and variance as the Vasicˇek model, which results
in the Gaussian probability distribution of short term interest rate.
Indeed, it follows from Eq.(147) that the mean < r(s) > is
< r(s) >= e−asr0 +
s∫
0
dτe−a(s−τ) < F (τ) >, (172)
and the variance is
Var(r(s)) =< (r(s)− < r(s) >)2 > (173)
=<

 s∫
0
dτe−a(s−τ)(F (τ)− < F (τ) >)


2
>,
where < ... > stands for the average defined by Eqs.(6)-(8).
Taking into account Eq.(14) and using Eq.(68) we obtain for the mean
< r(s) >= e−asr0 + b(1− e−as) = b+ (r0 − b)e−as, (174)
where b is given by Eq.(168).
To calculate the variance Var(r(s)) let’s use Eqs.(15) and (68) to find
Var(r(s)) =< (r(s)− < r(s) >)2 >= σ
2
r
2a
(1− e−2as), (175)
where σ2r is given by Eq.(166).
The conditional mean < r(s)|r(t) > and variance Var(r(s)|r(t)) are
< r(s)|r(t) >= b+ (r(t)− b)e−a(s−t), (176)
and
Var(r(s)|r(t)) = σ
2
r
2a
(1− e−2a(s−t)). (177)
The equations for < r(s)|r(t) > and Var(r(s)|r(t)) coincide exactly with
the Vasicˇek’s equations (see, Eqs.(25) and (26) in [2]) for conditional mean
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and variance of short term interest rate. It has to be emphasized that we
found an interesting coincidence between the means and the variances of
the non-Gaussian model introduced by Eq.(145) and the Gaussian Vasicˇek
model.
When s→∞, the conditional mean < r(s)|r(t) > goes to the long term
mean b given by Eq.(168),
lim
s→∞
< r(s)|r(t) >= b.
The conditional variance Var(r(s)|r(t)) is increasing with respect to s
from zero to the long term variance,
lim
s→∞
Var(r(s)|r(t)) = σ
2
r
2a
.
Hence, the new stochastic model introduced by Eq.(145) results in a
steady non-Normal probability distribution for r(t) with the mean
b =
λr
a
∞∫
−∞
dηpr(η)η,
and the variance
σ2r
2a
=
λr
2a
∞∫
−∞
dηpr(η)η
2,
where pr(η) is defined by Eq.(155) and λr is the number of short term
interest rate jumps per unit time.
9 Generalized short term interest rate model
9.1 Vasicˇek model with shot noise
Now we introduce a generalized short term interest rate model as a super-
position of the new model defined by Eq.(145) and the Vasicˇek short term
interest rate model given by Eq.(171)
dr = a(b− r)dt+ σrdW (t) + F (t)dt, (178)
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where all notations are the same as they were defined for Eqs.(145) and
(171).
If we take into account that dW (t) can be presented as dW (t) = w(t)dt,
where w(t) is the white noise process, then Eq.(178) reads
dr = a(b− r)dt+ σrw(t)dt+ F (t)dt.
It is easy to see from Eq.(178) that if at the time moment t the short
term interest rate is r(t) then later on, at the time moment s, s > t, it will
be
r(s) = e−a(s−t)r(t) + b(1− e−a(s−t)) (179)
+σr
s∫
t
dτe−a(s−τ)w(τ) +
s∫
t
dτe−a(s−τ )F (τ),
or
r(s) = e−asr0+b(1−e−as)+σr
s∫
t
dτe−a(s−τ)w(τ)+
s∫
0
dτe−a(s−τ )F (τ ), (180)
with r0 = r(t)|t=0 if we choose t = 0.
9.2 Bond price: generalized formula
The price at time t of a zero-coupon bond P (t, T, r) which pays one currency
unit at maturity T , (0 ≤ t ≤ T ), is
P (t, T, r) =< exp{−
T∫
t
dsr(s)} >w, F , P (T, T, r) = 1, (181)
where r(s) is given by Eq.(179) and < ... >w, F stands for the average
over white noise w(t) and all randomness involved into shot noise F (t).
Further, substitution of r(s) from Eq.(179) into Eq.(181) and straightfor-
ward integration over ds yields
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P (t, T, r) = exp {A(t, T )− B(t, T )r(t)} , (182)
where B(t, T ) has been introduced by Eq.(151), and
exp {A(t, T )} = exp{−b(T − t−B(t, T ))} (183)
× < exp{−σr
T∫
t
dsB(s, T )w(s)} >w< exp{−
T∫
t
dsB(s, T )F (s)} >F ,
because white noise and shot noise are independent of each other.
Therefore, we conclude that the generalized model introduced by Eq.(178)
provides affine term structure.
Further, we have (see, Eqs.(152), (153) and (157))
< exp{−
T∫
t
dsB(s, T )F (s)} >F (184)
= exp

λr
T∫
t
ds
{
exp{−νrB(s, T ) + δ
2
r
2
B2(s, T )} − 1
}
 .
While for the average with respect to the white noise process 4 we have
4The characteristic functional Ψ[α(τ )] of a white noise process is
Ψ[α(τ )] =< exp{i
T∫
t
dτα(τ )w(τ )} >w= exp{−1
2
T∫
t
dτα2(τ )}, (185)
where α(τ ) is an arbitrary sufficiently smooth function and 〈...〉
w
stands for the average
over white noise.
To prove this equation we need to calculate < exp{i
T∫
t
dτα(τ )w(τ )} >w. It can easily be
done if we write exp{i
T∫
t
dτα(τ )w(τ )} as a power series expansion and take into account
that white noise is a random process which has two statistical moments only
〈w(τ )〉
w
= 0, 〈w(τ1)w(τ 2)〉w = δ(τ1 − τ2).
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< exp{−σr
T∫
t
dsB(s, T )w(s)} >w= exp{σ
2
r
2
T∫
t
dsB2(s, T )} (186)
= exp
{
σ2r
2a2
(T − t)− σ
2
r
2a2
B(t, T )− σ
2
r
4a
B2(t, T )
}
.
It follows from Eqs.(183)-(186) that
A(t, T ) = (b− σ
2
r
2a2
)[B(t, T )− (T − t)]− σ
2
r
4a
B2(t, T ) (187)
+λr
T∫
t
ds
∞∫
−∞
dηpr(η)(e
−ηB(s,T ) − 1),
which can be written as
A(t, T ) = AVasicˇek(t, T ) + A(t, T ), (188)
with AVasicˇek(t, T ) and A(t, T ) defined by Eqs.(169) and (157).
Thus, based on generalized short term interest rate dynamics introduced
by Eq.(178), we obtained the formula (182) for price of a zero coupon bond,
where B(t, T ) is given by Eq.(151) and A(t, T ) is given by Eq.(187).
There are the following limit cases of Eq.(188)
A(t, T )|λ=0 = AVasicˇek(t, T ), (189)
which results in the Vasicˇek formula (170) for a bond price, and
A(t, T )|b=0, σ=0 = A(t, T ), (190)
which results in bond pricing formula (150) with B(t, T ) given by Eq.(151)
and A(t, T ) given by Eqs.(157).
Hence, the generalized short term interest rate dynamics (178) describes
the impact of interplay between Gaussian Geometric Brownian motion and
non-Gaussian Geometric Shot Noise on a bond price.
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9.2.1 Generalized term structure equation
Defined by Eq.(181) the price of zero-coupon bond P (t, T, r) solves the fol-
lowing integro-differential equation
∂P (t, T, r)
∂t
+ a(b− r)∂P (t, T, r)
∂r
+
σ2r
2
∂2P (t, T, r)
∂r2
(191)
+λr
∞∫
−∞
dηpr(η){P (t, T, r + η)− P (t, T, r)} = rP (t, T, r),
subject to terminal condition (149), with parameters a, b, and σr being
Vasicˇek’s parameters in Eq.(171), λr being the number of short term interest
rate jumps per unit time, and pr(η) being the probability density function of
jump magnitudes.
This is a generalized term structure equation in the case when the short
term interest rate solves the stochastic differential equation (178).
To find the solution to Eq.(191) subject to terminal condition (149) let’s
note that the affine term structure means that the bond price admits solution
of the form given by Eq.(182). Substitution of Eq.(182) into Eq.(191) gives
the two ordinary differential equations to obtain A(t, T ) and B(t, T ). The
ordinary differential equation to find A(t, T ) has a form
dA(t, T )
dt
+abB(t, T )+
σ2r
2
B2(t, T )+λr
∞∫
−∞
dηpr(η){e−ηB(s,T )−1} = 0, (192)
subject to terminal condition at t = T
A(T, T ) = 0. (193)
For B(t, T ) we have Eq.(161) subject to terminal condition given by
Eq.(163), thus, we conclude that B(t, T ) is given by Eq.(151). Then the
solution to Eq.(192) in terms of B(t, T ) is
A(t, T ) =
T∫
t
ds

abB(t, T ) + σ
2
r
2
B2(s, T ) + λr
∞∫
−∞
dηpr(η)(e
−ηB(s,T ) − 1)

 ,
(194)
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which can be straightforwardly transformed into Eq.(187).
Thus, it has been shown that the price of zero-coupon bond P (t, T, r)
defined by Eq.(181) solves the generalized term structure equation (191).
10 Conclusion
The unified framework consisting of two analytical approaches to value op-
tions and bonds has been introduced and elaborated.
The options pricing approach is based on asset price dynamics that has
been modeled by the stochastic differential equation with involvement of
shot noise. It results in Geometric Shot Noise motion of asset price. A new
arbitrage-free integro-differential option pricing equation has been developed
and solved. New exact formulae to value European call and put options have
been obtained. The put-call parity has been proved. Based on the solution
of the option pricing equation, the new common Greeks have been calcu-
lated. Three new Greeks associated with the market model parameters have
been introduced and evaluated. It has been shown that the developed op-
tion pricing framework incorporates the well-known Black-Scholes equation
[1]. The Black-Scholes equation and its solutions emerge from our integro-
differential option pricing equation in the special case which we call ”diffusion
approximation”. The Geometric Shot Noise model in diffusion approxima-
tion explains the stochastic dynamic origin of volatility in the Black-Scholes
model.
The generalized option pricing framework has been introduced and devel-
oped based on asset price stochastic dynamics modeled by a superposition
of Geometric Brownian motion and Geometric Shot Noise. New formulae
to value European call and put options have been obtained as solutions to
the generalized arbitrage-free integro-differential pricing equation. Based on
these solutions new generalized Greeks have been introduced and calculated.
The bonds pricing analytical approach has been developed based on the
Langevin type stochastic differential equation with shot noise to model a
short term interest rate dynamics. It results in a non-Gaussian random mo-
tion of short term interest rate. It is interesting that despite the lack of nor-
mality, the new model possesses exactly the same mean and variance as the
Vasicˇek model, which results in the Normal distribution of short term interest
rate. A bond pricing formula has been obtained and it has been shown that
the model provides affine term structure. The new bond pricing formula in-
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corporates the well-known Vasicˇek solution [2]. The integro-differential term
structure equation has been obtained and it has been shown that the new
bond pricing formula solves this equation. The well-known Vasicˇek model for
short term interest rate with its long-term mean and instantaneous volatility
comes out from our model in diffusion approximation. The stochastic dy-
namic origin of the Vasicˇek long-term mean and instantaneous volatility has
been uncovered.
A generalized bond pricing model has been introduced and developed
based on short term interest rate stochastic dynamics modeled by a super-
position of a standard Wiener process and shot noise. A new bond pricing
formula has been found and it has been shown that the generalized model pro-
vides affine term structure. The generalized integro-differential term struc-
ture equation has been obtained and solved.
It has to be emphasized that despite the non-Gaussianity of probabil-
ity distributions involved, all newly elaborated quantitative models to value
options and bonds have the same degree of analytical tractability as the
Black–Scholes model [1] and the Vasicˇek model [2]. This circumstance allows
one to derive new exact formulas to value options and bonds.
The unified framework can be easily extended to cover valuation of other
types of options and a variety of financial products with option features
involved, and to elaborate enhanced short term interest rate models to value
interest rate contingent claims.
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11 Appendix A: Green’s function method to
solve the Black-Scholes equation
Let us show how to obtain the Black-Scholes formula to value a European call
option without converting the Black-Scholes equation into the heat equation.
In other words, we are aiming to get a straightforward solution to the Black-
Scholes problem given by Eqs.(97) and (98). Using notation (17), the Black-
Scholes equation (97) with the terminal condition given by Eq.(98) can be
rewritten in a mathematically equivalent form
−∂C(x, T − t)
∂(T − t) +
σ2
2
∂2C(x, T − t)
∂x2
+(r−q−σ
2
2
)
∂C(x, T − t)
∂x
−rC(x, T−t) = 0,
(195)
with the terminal condition given by Eq.(25).
The Green’s function method is a convenient way to solve the problem
given by Eqs.(195) and (25). Green’s function GBS(x − x′, T − t) of the
Black-Scholes equation satisfies the partial differential equation
∂GBS(x− x′, T − t)
∂(T − t) =
σ2
2
∂2GBS(x− x′, T − t)
∂x2
(196)
+(r − q − σ
2
2
)
∂GBS(x− x′, T − t)
∂x
− rGBS(x− x′, T − t) = 0,
and the terminal condition
GBS(x− x′, T − t)|t=T = GBS(x− x′, 0) = δ(x− x′). (197)
Having Green’s’ function GBS(x− x′, T − t), we can write the solution of
Eq.(195) with terminal condition Eq.(25) in the form
CBS(x, T − t) = K
∞∫
−∞
dx′GBS(x− x′, T − t)max(ex′ − 1, 0), (198)
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where CBS(S, T − t) stands for the value of a European call option in the
Black-Scholes model.
Green’s function introduced by Eq.(196) with the terminal condition
(197) can be found by the Fourier transform method. With help of defi-
nitions (31) and (32), equation (196) reads
∂GBS(k, T − t)
∂(T − t) =
{
−σ
2k2
2
+ ik(r − q − σ
2
2
)− r
}
GBS(k, T − t), (199)
and the terminal condition (197) for GBS(k, T − t) is
GBS(k, T − t)|t=T = GBS(k, 0) = 1. (200)
The solution of the problem defined by Eqs.(199) and (200) is
GBS(k, T − t) = e−r(T−t) exp
{
[−σ
2k2
2
+ ik(r − q − σ
2
2
)](T − t)
}
. (201)
Substitution of Eq.(201) into Eq.(31) gives us the Green’s functionGBS(x−
x′, T − t) of the Black-Scholes equation (195)
GBS(x− x′, T − t) = e
−r(T−t)
2π
∞∫
−∞
dkeik(x−x
′)
× exp
{
[−σ
2k2
2
+ ik(r − q − σ
2
2
)](T − t)
}
(202)
=
e−r(T−t)
σ
√
2π(T − t) exp
{
− [x− x
′ + (r − q − σ2
2
)(T − t)]2
2σ2(T − t)
}
.
Then Eq.(198) yields for the value of a European call option CBS(x, T−t)
CBS(x, T−t) = Ke
−r(T−t)
σ
√
2π(T − t)
∞∫
−∞
dx′ exp
{
− [x− x
′ + (r − q − σ2
2
)(T − t)]2
2σ2(T − t)
}
(203)
×max(ex′ − 1, 0).
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By introducing a new integration variable z, x′ → z,
z =
x− x′ + (r − q − σ2
2
)(T − t)
σ
√
T − t ,
and using Eq.(94) we find for a European call option CBS(S, T − t)
CBS(S, T − t) = Se
−q(T−t)
√
2π
e−
σ2
2
(T−t)
d2∫
−∞
dze−
z2
2 e−zσ
√
T−t (204)
−Ke
−r(T−t)
√
2π
d2∫
−∞
dz exp
{
−z
2
2
}
,
where parameter d2 is given by
d2 =
ln S
K
+ (r − q − σ2
2
)(T − t)
σ
√
T − t . (205)
Introducing integration variable y, y = z + σ
√
T − t in the first term of
Eq.(204) yields
CBS(S, T − t) = Se
−q(T−t)
√
2π
d2+σ
√
T−t∫
−∞
dye−
y2
2
−Ke
−r(T−t)
√
2π
d2∫
−∞
dz exp
{
−z
2
2
}
.
It is easy to see from the equation above that we came to the well-known
solution to the Black-Scholes equation (97)
CBS(S, T − t) = Se−q(T−t)N(d1)−Ke−r(T−t)N(d2),
where N(d) is the cumulative distribution function of the standard normal
distribution given by Eq.(107) and parameter d1 is
d1 = d2 + σ
√
T − t = ln
S
K
+ (r − q + σ2
2
)(T − t)
σ
√
T − t , (206)
with d2 defined by Eq.(205).
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12 Appendix B: Greek ΘC in diffusion ap-
proximation
Here we present a walkthrough to calculate Greek ΘC (see, Eq.(60)) in dif-
fusion approximation.
It follows from Eqs.(41) and (42) that in diffusion approximation
λς →
diff
λν +
σ2
2
, (207)
and
λξ(k) →
diff
iλkν − k
2σ2
2
, (208)
where parameter σ has been introduced by Eq.(92).
Using Eqs.(207), (208) and substituting ikeikz with ∂eikz/∂z we have
ΘC →
diff
ΘdiffC = qSe
−q(T−t)N(d1)− rKe−r(T−t)N(d2) + Se−q(T−t)λςN(d1)
−Se−q(T−t) e
−λς(T−t)
σ
√
2π(T − t)
l∫
−∞
dze−z
(
λν
∂
∂z
+
σ2
2
∂2
∂z2
)
× exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
(209)
+
Ke−r(T−t)
σ
√
2π(T − t)
l∫
−∞
dz
(
λν
∂
∂z
+
σ2
2
∂2
∂z2
)
× exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
,
where Eqs.(109) and (112) have been taken into account.
The integrals involved into Eq.(209) are
l∫
−∞
dze−z
(
λν
∂
∂z
+
σ2
2
∂2
∂z2
)
exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
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= λνe−l exp
{
−(l + λν(T − t))
2
2σ2(T − t)
}
+ λν
l∫
−∞
dze−z exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
(210)
+
σ2
2
e−l
∂
∂z
(
exp
{
−(z + λν(T − t))
2
2σ2(T − t)
})
|z=l
+
σ2
2
e−l exp
{
−(l + λν(T − t))
2
2σ2(T − t)
}
+
σ2
2
l∫
−∞
dze−z exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
,
and
l∫
−∞
dz
(
λν
∂
∂z
+
σ2
2
∂2
∂z2
)
exp
{
−(z + λν(T − t))
2
2σ2(T − t)
}
= λν exp
{
−(l + λν(T − t))
2
2σ2(T − t)
}
(211)
=
σ2
2
∂
∂z
(
exp
{
−(z + λν(T − t))
2
2σ2(T − t)
})
|z=l,
where parameter l is given by Eq.(39).
By substituting Eqs.(210) and (211) into Eq.(209) and performing simple
algebra we obtain
ΘdiffC = qSe
−q(T−t)N(d1)− rKe−r(T−t)N(d2) (212)
−Se−q(T−t) e
−λς(T−t)√
2π(T − t)
σ
2
e−l exp
{
−(l + λν(T − t))
2
2σ2(T − t)
}
.
Further simplification of Eq.(212) comes with the transformations of the
last term. Indeed, if we take into account that
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l + λν(T − t) = x+ (r − q − σ
2
2
)(T − t),
and
l + λς(T − t) = x+ (r − q)(T − t),
with x given by Eq.(17), then Eq.(212) reads
ΘdiffC = qSe
−q(T−t)N(d1)− rKe−r(T−t)N(d2) (213)
−σSe
−q(T−t)
2
√
T − t N
′(d1),
where N ′(d) = exp(−d2/2)/√2π is derivative of N(d) with respect to d,
and d1 is given by Eq.(206).
Therefore, we came to the Black-Scholes Greek theta presented in Table
3.
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